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Coral reefs are highly diverse and important marine ecosystems, with the potential for multiple stable states and critical
transitions between alternative states. Using landscape-flux theory, we explore the dynamics of these systems in the

face of stochastic perturbations.

We quantified the average flux as the non-equilibrium driving force and the entro
production rate as the nonequilibrium thermodynamic cost. We also compute the nonequilibrium free energy and time

irreversibility from the cross-correlation functions as early warning signals for critical transitions. These early warning

signals, characterized by turning points in the middle of two bifurcations, can provide predictions for both left and
right bifurcations, much earlier than critical slowing down, a more traditional indicator that is evident only closer to the

bifurcation point(s).
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I. INTRODUCTION

The-mest-fameus-ofall coastal ecosystems—are eoralreef
eecosystems;-which-have-veryrich-biediversity: Complex coral
reef systems have significant functionality and commercial
value for coastal protection, and maintenance of fish and
marine biodiversity! ™. Yet coral reefs around the world
face a_number of issues and are under severe threat to
abundance, diversity, habitat structure and function>8. Coral
reef degradation is the result of a combination of human
activities (e.g. overfishing, pollution) and natural disasters
(e.g. disease, hurricanes, bleaching). Average hard coral
cover in the Caribbean Basin dropped from around 50% to
10% during only three decades from 197710, Althoughialgal
blooms do not usually kill corals directly, algae competes with
coral for space and light, leading to the death of older corals.
In the process, the algae inhibit the ability of new corals to
grow, which in turn reduces the ability of coral populations to

recover from environmental threats. Yltimately-algae-control
the-entire-ecosystem The most dramatic transformation is that

of Caribbean reefs to a very different state covered in algae>®
Human land use increases ocean nutrient loading, which
promotes the growth of algae. Herbivorous fish have been
controlling algal biomass for—a—teng—time>®. However,
overfishing of various fish species has reduced herbivorous
fish such as parrotfish. Parrotfish are abundant herbivores
that feed primarily on algae, and they can indirectly benefit

corals by reducing the competition of algae. Manageme
efforts to increase parrotfish populations are believed

be critical to maintaining resilient, coral-dominated reefs>0,
Protecting parrot fish is ecologically important for endangered
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Caribbean corals. Parrotfish communities can maintain about

40% of coral reefs under permanent grazing, but overfishing
reduces this capacity to about 5%.>% A moderate sea urchin
population is a more effective herbivore than parrotfish.
For example, an algal dominated state replaced the coral-
dominated original state in 1983 following mass sea urchin
die-offs, leaving only the less effective grazer, the parrotfish.
Coral reef systems in the Caribbean have two steady states:
algal-dominated state and coral-dominated state®®

The critical transition scenario of the coral-algal model has
been discussed by many researchers!~%8. Almore complex
model including the importance of recruitment seasonality
and grazing influence has been explored recently’. At the
level of low grazing rate in which parrotfish graze macroalgae
without distinction from algal turfs, the coastal seabed is
covered by macroalgae, showing a macroalgal-dominant state.
At high levels of the grazing rate, the coastal seabed is covered
by coral, showing a coral-dominant state. Once the grazing
rate in the water decreases from high level below a certain
threshold, the coral will disappear, the macroalgae will grow
in large quantities, and the coastal seabed will change from
the coral-dominant state to the macroalgal-dominant state>~’
Within a certain grazing rate range, the macroalgal-dominant
state and coral-dominant state represent alternative stable
states'™’

State changes in complex systems can be described
formally in terms of phase transitions or bifurcations.
Nonlinear dynamical systems can have steady states, periodi
orbits, and even more complex chaotic dynamics. However)
most studies have focused on the stability of ecological
systems at equilibrium and then explored the respective basins
of attraction of the equilibria in different parameter regimes,
an approach that focuses on the local stability near the
equilibrium points'!. Global stability analysis of the coral-
algal systems is challenging and the link between the global
characterization of the coral-algal systems and the dynamics
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Which are these issues? Since you focus on the pressure of algae on tropical coral reefs, what is the relevance of the other issues such as hurricanes and bleaching? How do these connect? That is not clear to me from this section.
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This requires a reference
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Are you focussing on Caribbean coral reefs? You should say so explicitly.
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More complex than which other model?
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Equilibrium states in nonlinear dynamicsl systems can be steady, periodic (oscillating), or even show chaotic dynamics.
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Anna van der Kaaden
I don’t understand this “however”. Do you mean, however, most studies focused on the stability of steady states?

Anna van der Kaaden

Anna van der Kaaden

PC
注解
Thank you for your valuable suggestions. We have changed the context as: We measured the average flux, which represents the driving force in non-equilibrium conditions, alongside the entropy production rate, which quantifies the thermodynamic cost of maintaining these states. We evaluated the nonequilibrium free energy under zero limit fluctuations from Hamilton-Jacobi equation and time irreversibility of cross-correlation functions derived from Langevin equation as early indicators of impending ecosystem transitions.

PC
附注
Thank you for your valuable suggestions. We have changed the context as : However, coral reefs globally are confronting multiple challenges and experiencing serious threats to their abundance, diversity, structural integrity, and ecological functioning\citep{Alan2007Nature,Alan2014JMAA,Simon2018Corel,Scheffer2016Coralreefs}. The degradation of coral reef ecosystems results from a synergistic combination of anthropogenic pressures (including overfishing and pollution) and natural disturbances (such as disease outbreaks, hurricanes, and coral bleaching events).

PC
附注
Thank you for your valuable suggestions. We have added some reference.

PC
附注
Thank you for your valuable suggestions. We are not focussing on Caribbean coral reefs. We have changed the context. 

PC
附注
Thank you for your valuable suggestions. We have changed the context as: While recent work has explored more complex models incorporating recruitment seasonality and grazing effects\citep{Simon2018Corel}, our analysis focuses specifically on a simplified coral-algae interaction model\citep{Alan2007Nature,Alan2014JMAA} to investigate the critical factors determining reef ecosystem.

PC
附注
Thank you for your valuable suggestions. We have changed the context as: State changes in complex ecological systems can be described through the mathematical frameworks of phase transitions or bifurcations. Nonlinear dynamical systems can exhibit various behaviors including steady states, periodic orbits, and chaotic dynamics. Much researches have predominantly focused on ecological stability at equilibrium points\citep{Alan2007Nature,Alan2014JMAA,Simon2018Corel}. This approach typically examines the basins of attraction of these equilibria across different parameter values, thereby emphasizing local stability properties near equilibrium points~\citep{Scheffer2009Nature}. However, conducting global stability analysis of coral-algal systems presents significant challenges, and the relationship between system-wide dynamics and the behavior of individual components remains incompletely understood. In this study, we demonstrate how landscape-flux theory, derived from non-equilibrium statistical mechanics, provides an effective framework for analyzing the global stability properties of coral-algae ecosystems. We utilize a well-established coral-algal model as our primary case study~\citep{Alan2007Nature,Alan2014JMAA}.
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of elements is not thoroughly understood. We will show how
the landscape-flux theory from non-equilibrium statistical
mechanics can provide a powerful framework to study the
global stability of the coral reef system. We use a typical
coral-algal model as a case study>®.

It is very important to understand the response mechanisms
and critical thresholds of natural systems to human
disturbance and to carry out early warning prevention and
control. Exploring the tipping points in complex systems
and anticipating critical transitions has become more and
more significant in ecological systems already experiencing
stressors due to climate change. Recent theoretical and
empirical research on the underlying instabilities of ecological
systems has been concerned with the development of
early warning signals of ecological catastrophes (typically
associated with a phase transition or bifurcation). Most of
the studies are based on one dimensional stochastic dynamical
models, which are often general equilibrium systems. Critical
slowing down theory is used widely for predicting the early
warning signals from observed univariate time series. As the
control parameter approaches a critical parameter value, the
dynamics of a complex system slows down and the current
steady state loses its stability!>~!7. The general early warning
signals of critical slowing down from time series data are often
expressed in terms of greater variance, autocorrelation, and
return time by the perturbation. Critical slowing down ¢an
oftenrberusedisuccessfully as an early warning signal in one-
dimensional systems.

Early warning signals of critical transitions help us to
anticipate _and understand _the likelihood of abrupt and
significant changes in complex systems. FEcosystems can

usually maintain a sustainable balance before reaching a
critical point, but upon crossing the critical point, the

current stable state can lose stability, triggering a catastrophic
transition to_a new_stable state. Near the critical point,
the mechanisms sustaining the functioning of the ecosystem
can_break down. resulting in a sudden loss of resilience
and preventing recovery. It is crucial to detect signals
critical transition as early as possible to give enough time
avert_a potential ecological crisis, and the search for ear.,
redictions of imminent structural changes has thus become
the focus of intense research. Critical'slowingrdownitheoryis
among the most popular and well-known approaches, but its
predictions are only valid near the bifurcation point. In the
context of coastal ecosystems, we aim to detect early warning
signals of critical transitions from a socially-valued state, li
a coral-dominated state, to a "disaster" stable state, lik::@
macroalgal-dominated reef. Moreover, we also want to assess
the likelihood of the reverse transition from a disaster stable
state to a socially-valued stable state. Thus, it will be of great
practical significance if we can predict both the impending
transition to the disaster state or the impending recovery to the
socially-valued state by extracting the early warning signals
before the critical transition occurs.

Researchers have come to recognize that ecological
systems should be treated as complex systems, which
are inherently multivariate. ~ Our understanding of high
dimensional complex dynamic behavior of ecological

systems still requires further development'®2°.  [EVmay
be that something is missing from these conventional
one dimensional stochastic dynamic ecological models,
preventing us from describing the behavior generated by
the rotational curl force among the variables.  Unlike
traditional ecological theories under the assumption of
general equilibrium, we should describe ecological systems
under non-equilibrium processes.  Recent advances in
nonequilibrium statistical mechanics can provide insights
into the understanding of the formation and the stability
of attractor states, bifurcations and catastrophe in phase
transitions of the physical and biological systems>' 3!

In this study, we use the entropy production rate to
quantify the thermodynamic cost, average flux to quantify
the dynamical driving force and the average difference in
cross correlations between the forward in time and the
hackward in time to quantify the time irreversibility of the

me series as the new early warning signals for the phase
..ansitions or bifurcations of the high dimensional complex
ecologicalisystem» We found that our nonequilibrium warning
indicators with their turning points being in the middle of two
bifurcations can provide the predictions for both bifurcations,
which are much earlier than the predictions given by the
critical slowing down near the bifurcations. The potential-
flux landscape theory provides new way of exploring the
underlying mechanisms causing ecological catastrophes.

Il. METHODS

Model of Coral-Algal Model

model>®, whose schematic diagram is shown in F 1
below. Our ecosystem model contains three functiona S:
Macroalgae (X), coral (Y), and algalwturfsw(Z’), entities
that can be colonised by either macroalgae or coral. We
track the evolution of the proportions of space occupied by
each functional type, effectivelyrassumingrthatithersystemris
spatiallyswell=mixed, leading to a spatially implicit modellin

framework. Corals recruit and overgrow algal turfs at rate r,
while coral can be overgrown by macroalgae at rate a. Natural
coral mortality occurs at rate 7 and we assume that space
released by the death of the coral will be rapidly recolonized
by algal turfs. Macroalgae colonizes algal turfs by covering
them vegetatively at rate 7. Reef grazers, such as parrotfish,
are assumed to consume macroalgae and algal turfs equally at
rate g. and algal turfs arise when macroalgae are grazed. Thus

the rate of algal turf production as a function of macroalgae
is given by the proportion of grazing that affects macroalgae,
ie. gX/(X+T)".

The coral reef system can thus be described by the
following set of nonlinear ordinary differential equations
(ODEs):

We explore the dynamics of a typical coral reef ecosistem

X _ xy_ 8 o7
= da _——
x+1 "

=rTY —hY —aXY

dt
dy
— 1
7 (1)
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PC
附注
Thank you for your valuable suggestions. We have changed the context as: Despite its theoretical promise, research has revealed significant limitations to CSD's practical application. Time delays in ecological systems fundamentally alter the dynamical properties near critical transitions, potentially rendering CSD indicators unreliable or misleading\citep{Guttal2013}. This theoretical concern is substantiated by empirical evidence from natural systems, where comprehensive analyses of long-term data from aquatic ecosystems demonstrate that CSD indicators' efficacy is considerably constrained by real-world complexity, with environmental stochasticity and multiple interacting stressors frequently obscuring warning signals\citep{Gsell2016}.

PC
附注
Thank you for your valuable suggestions. We have rewritten this context and added more references.

PC
附注
Thank you for your valuable suggestions. We have rewritten this context and added more references.

PC
附注
Thank you for your valuable suggestions. We have changed the context as: Conventional one-dimensional stochastic models may be missing crucial elements needed to describe behaviors generated by rotational curl forces among variables originated from high-dimensional system.

PC
附注
Thank you for your valuable suggestions. We have changed the context as: In this study, we propose early warning signals for detecting approaching phase transitions in complex ecological systems. First, we measure the entropy production rate, which quantifies the energy dissipation or "thermodynamic cost" required to maintain ecosystem states far from equilibrium. Second, we analyze the average flux, which represents the net directional movement or flow of the system through its state space, indicating the strength of forces driving ecological dynamics. Third, we calculate the difference between forward-time and backward-time cross-correlations between system variables, which measures time irreversibility—the statistical difference between observing the system's behavior in normal versus reversed time sequences. Together, these metrics can detect changes in system dynamics before traditional indicators reveal impending critical transitions, potentially providing warning signals.

PC
附注
Thank you for your valuable suggestions. We have addec the context as: Algal turf consists of communities of short, densely growing filamentous algae that form a "turf-like" covering layer on hard substrates in coral reefs, typically reaching only a few millimeters in height. Unlike macroalgae, these turfs develop a low, compact structure that creates distinctive microhabitats while serving as a transitional state in reef ecosystem dynamics\citep{Alan2007Nature,Alan2014JMAA,Simon2018Corel}.

PC
附注
Thank you for your valuable suggestions. We have revised this context: We track the evolution of the proportions of space occupied by each functional type, effectively assuming that the system is spatially well-mixed, leading to a spatially implicit modelling framework\citep{Alan2007Nature,Alan2014JMAA,Simon2018Corel}. This approach is appropriate for intermediate spatial scales where mixing processes (such as larval dispersal, water circulation, and mobile herbivore grazing) tend to homogenize local variations. The spatially implicit framework allows us to focus on ecosystem-level dynamics without the computational complexity of spatially resolved models.

PC
附注
Thank you for your valuable suggestions. We have revised this context: We track the evolution of the proportions of space occupied by each functional type, effectively assuming that the system is spatially well-mixed, leading to a spatially implicit modelling framework\citep{Alan2007Nature,Alan2014JMAA,Simon2018Corel}. This approach is appropriate for intermediate spatial scales where mixing processes (such as larval dispersal, water circulation, and mobile herbivore grazing) tend to homogenize local variations. The spatially implicit framework allows us to focus on ecosystem-level dynamics without the computational complexity of spatially resolved models.


PC
附注
 C, T and M represent (as a fraction of the seabed available) the
cover of corals, algal turfs and macroalgae respectively. Thus we
assume that the sum T+M +C is constant over time (here assumed
to equal one), so only two equations are required to describe the
dynamics of the reef (and we can express T as 1-M-C)\cite{Alan2007Nature}.  This is due to normalization.

Thus the rate of algal turf production as a function of macroalgae is given by the proportion of grazing that affects macroalgae, i.e. gX=(X +T)
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FIG. 1. The schematic diagram for coral reef model.

Symbol Ecological interpretation Default value
a the rate that corals are overgrown by macroalgae 0.1

Y the rate that macroalgae spread vegetatively over algal turfs 0.8

r the rate that corals recruit to and overgrow algal turfs 1.0

h the natural mortality rate of corals 0.44

TABLE I. Parameters interpretation and default values>-©

where X represents the proportion of space covered by
macroalgae and Y represents the proportion of space covered
by coral. T represents the proportion of algal turf cover
and since we assume that all space (seabed) is completel
covered by either macroalgae, coral or algal turfs, we haé]
X+Y+T=1,orT=1—-X-Y. g is the grazing ra
that parrotfish graze macroalgae without distinction from algal
turfs range from O to 0.8. The parameter interpretations and
their default values are given in Table I below.

B. Landscape and flux theory for the coral reef model

The dynamics of the coral reef model without noise
or external forcing are described by the set of ordin
differential equations (1). In practice, coral reef ecosysten
are subject to multifarious noise; internal stochasticity may
arise due to variations in individual growth rates or grazer
patterns, while there may also be substantial external forcing
from processes such as ocean acidification, sedimentation
or other climate change driven stressors. Our original
deterministic model (1) can be rewritten in differential
notation as dx = F(x), where the vector x represents the
current state of the ecosystem and the “driving force” F
captures the set of interactions and transitions between the
coral, macroalgae and algal turfs outlined above, i.e. the right-
hand side of the ODEs (1). To extend our model to capture the
impact of different sources of noise on the dynamics, let

dx =F(x)dt +m-dW, 2
where W, coupled with the matrix m, represents an
independent Gaussian noise process>>>>33. It is convenient to
let DG = (1/2)(m-m?") so that D is a constant representing
the scale of the fluctuations and G is the diffusion matrix of
the stochastic fluctuations. We assume throughout that G is a
diagonal identity matrix for simplicity; allowing non-trivial
off-diagonal entries introduces correlated noise impacts on

the model and considerably increases the complexity of the
subsequent analysis.

The probability of finding the coral reef system in state x at
time ¢ in our stochastic model (2) is given by the probability
density function P(x,?), which solves the associated Fokker-
Planck (partial differential) equation®>3433:

OP=-V-J==V-[FP—(1/2)V-((m-m")P)], (3)
where J denotes the flux of the system.

We can obtain the steady-state (stationary) probability
distribution Py(x) by solving the steady-state Fokker-Planck
equation:

0=—V-J(x) =~V [F(x)Py(x) = (1/2)V-((m-m") P (x))],
“4)
We may look for a so-called “detailed balance solution” to
equation (4) in which the flux J is zero; this corresponds to
in equilibrium system with no net input or output. In this
:quilibrium setting, the steady-state probability distribution
is given by Py ~ exp[—U]*?3%333 where U is called the
population-potential landscape. In equilibrium systems, we

can decompose the driving force F as:
F=-DG-VU+DV-G (5)
and thus F is determined by the gradient of the population-
potential landscape. We may calculate or experimentally
estimate the distribution Py under fluctuations by solving
equation (4) above or collecting statistics from experiments.
We can then obtain the population potential landscape U via
- formula: U = —InP,*>?334. For nonequilibrium system,

- force F can be decomposed as:

F= 7DG'VU+DV'G+JSS/PSS7 (6)
where J; denotes the non-zero steady-state probability flux.
The steady-state flux is given by Js = FPy; — DV - (GPF).
The steady-state probability flux satisfies the divergence-free
condition V - J,, = 0, meaning that the final term on the
right-hand side of (6) is a purely rotational component of
the driving force. The gradient of the potential, —DG - VU,
pushes the system towards stable states, while the (divergence
free) flux component creates a rotational flow on the system
and promotes transitions between alternative stable states. In
the nonequilibrium case, the population-potential landscape
U and the flux J,; both contribute to the driving force F of
the dynamics. The population-potential landscape, U, despite
being effectively an equilibrium quantity, can give us valuable
information about the global stability of nonequilibrium
systems, as we will demonstrate presently for our coral reef
model.

In the nonequilibrium case, the non-zero curl flux Jg
breaks the detailed balance and thus provides a direct
quantitative measurement of how far the system is from
equilibrium?'-232-27 " By measuring how far the system is
from equilibrium we can investigate the onset of an instability
in the current state and detect the creation of or transition to a
new stable state. The flux will therefore be a key component
in developing our early warning indicators for nonequilibrium
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PC
附注
Thank you for your approval of this figure.

PC
附注
We sincerely appreciate your insightful suggestions, which have significantly enhanced the readability and comprehensiveness of our manuscript. We have added the description in the results section as: When $0 \leq g < 0.1796$, the system exhibits one unstable fixed point (the dashed Coral state) and one stable fixed point (the solid Macroalgae state), indicating macroalgal dominance. As grazing intensity increases to $0.1796 \leq g < 0.3927$, the system transitions to bistability, characterized by two stable fixed points—the solid Macroalgae state and the solid Coral state—separated by an unstable green saddle fixed point that serves as a threshold between the two stable regimes. This bistable configuration persists until $g = 0.3927$, beyond which ($g > 0.39$) only the coral-dominated fixed point remains stable, indicating a complete shift to coral dominance at higher grazing intensities.

PC
附注
We sincerely appreciate your insightful suggestions. We have elaborated on the rationale for implementing independent Gaussian noise in our model framework as: Environmental disturbances such as temperature fluctuations, storm events, and nutrient pulses simultaneously affect coral, algae, and algal turfs, introducing correlations in the noise structure of natural reef systems. While our potential landscape-flux framework remains theoretically valid for systems with correlated noise, we have chosen to use a diagonal identity matrix for $\mathbf{G}$ to maintain analytical tractability. This simplification allows us to focus on the core dynamics while avoiding the substantial increase in mathematical complexity that would result from incorporating non-zero off-diagonal elements to represent correlated noise effects \citep{Wang2015AP}. Future extensions of this model could incorporate these more realistic noise structures to further refine predictions of reef dynamics under stochastic environmental forcing.

PC
附注
In response to your inquiry about the gradient of the population-potential landscape, we would like to clarify that our analysis concerns the gradient over the state variables rather than spatial dimensions. Specifically, we are calculating the gradient with respect to the state space variables in our dynamical system. This gradient represents the directional derivatives in the phase plane defined by our three key variables, indicating how the potential changes as the system moves through different population states. This mathematical construct allows us to characterize the stability properties and transition pathways between alternative stable states in our non-spatial ecological model.

PC
附注
In response to your inquiry about the divergence-free condition in our coral reef model, I'd like to clarify that our approach focuses on the state space dynamics rather than physical spatial gradients.

You're correct that in real coral reef systems, coral and macroalgae physically build up over time in natural space. However, our model operates in the state space of population variables (X, Y, T), not in physical space. The flux we analyze is a mathematical construct representing the rotational component of the dynamics in this abstract state space.

The divergence-free condition (∇·J = 0) applies to the steady-state probability flux in our state space formulation, not to physical growth in spatial dimensions. This mathematical property emerges from the steady-state Fokker-Planck equation when the system reaches equilibrium in probability distribution.

Our landscape-flux theory decomposes the driving force into gradient (conservative) and curl (non-conservative) components in state space. The curl flux component (J) represents the non-equilibrium driving force that breaks detailed balance and creates the rotational dynamics between alternative stable states.

PC
附注
Throughout the manuscript, our analysis focuses on bifurcations (noise induced transitions with parameter driven).  For these bifurcations involving gradual parameter changes under fluctuations, our approach quantifies how the global stability landscape evolves as the system approaches critical thresholds. 
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systems. More concretely, the flux provides a basis for
studying the nonequilibrium thermodynamics of the system in
terms of the entropy production. The entropy of the stochastic
system (2) can be defined as Seuropy = — [ PInPdx for the
stochastic system. The change of the entropy in time can be
decomposed into the entropy production rate (EPR) and heat
dissipation rate:

Sentropy = SEPR - SE7 @)

where the entropy production rate is EPR = Sgpg = [dx(J -
(DG)~"-J)/P*>36-38  where Sgpg is the rate of the system
entropy change while S, is the rate of the environment entropy
change which is also the heat dissipation rate S, = [ dx(F —
DV -G)-J. The EPR is directly related to the flux J and
a larger flux gives rise to a higher EPR and hence more
deviations away from equilibrium. When the system is at
a steady-state, the EPR and the heat dissipation rate a
equal?>3038  We will use both the EPR and the averag
flux Fluxg, = [|J|dx to measure the non-equilibriumness and
generate early warning signals of critical transitions in the
stochastic coral reef model (2).

Lyapunov function for the coral reef model under zero

fluctuations

=

In deterministic dynamical systems Lyapunov functions are
a powerful tool for studying for stability analysis as they
enable a characterization of the global stability of an attractor,
as opposed to the weaker information obtained via a local
stability analysis. There is no general method for constructing
Lyapunov functions for complex nonlinear systems, even in
the deterministic case, but we can in fact use the steady state
probability distribution Py, and the population potential U to
explore the global stability of (2) under finite fluctuations.
Unfortunately, the population-potential landscape U is not a
Lyapunov function for the system (2) in general’’*?. In the
limit of small noise (D — 07), it can however be shown t}
the so-called intrinsic potential landscape, ¢p, is a Lyapun
function (see Appendix for details?). We can compute ¢y by
solving the Hamilton-Jacobi equation:

H=F-Voy+Vey G-V =0. (8)

The Hamilton-Jacobi equation (8) results from expanding
the population potential U in powers of D (the noise level),
plugging this series into the Fokker-Planck equation (4) and
truncating at order D! to obtain the equation for ¢.?237-3°.

To see that ¢y is indeed a Lyapunov function for the system
(2), calculate as follows using (2) and (8):

4 po(x) =%- Vo =F-Vgo=—Vey-G-Vy <0,

where the last inequality holds provided that G is a positive
definite matrix. Therefore ¢p(x) monotonically decreases
along the deterministic trajectory in the zero fluctuation limit,
i.e. as D — 0. Therefore, ¢ can be used to quantify t
global stability of the system in the small noise regime.
addition, the intrinsic potential landscape ¢o is associated

with the steady-state probability and population potential

landscape via the formula U = —InPs; ~ ¢o/D as D — 0.
The driving force F in the zero fluctuation limit can be

decomposed into a gradient term and a curl term:

F=—-G-Vgo+ (Jss/Pss)p—0=:—G-Vgo+ V.

The first term —G - V@ represents the gradient of the non-
equilibrium intrinsic potential and we define the quantity
V = (Jss/Pss) p—o to be the intrinsic steady-state flux velocity.
The second term J5|p—o represents the steady-state intrinsic
flux and is divergence free due to the equation V-J = 0.
The relationship between ¢ and the intrinsic flux is given by
(Jss/Pss)|p—0- Vo = V- V@ = 0 from the Hamilton-Jacobi
equation. Thus, we can conclude that the gradient of the
intrinsic potential is perpendicular to the intrinsic flux in the
zero fluctuation limit.

The intrinsic potential @y is difficult to calculate for the
coral reef model (2) since the state space is an isosceles
triangle (0 < X V¥ <1. 0<1—-X-—-Y <1). We expand
the potential U(x) in the small diffusion limit as U(x) =
00(x)/D + ¢1(x) + O(D?). We then use the linear fitting
method to approximately solve for ¢y by plotting the diffusion
coefficients D versus DU. In the results shown below, we use
data with small D and obtain the line of diffusion coefficient

D versus D1n P, the slope of this line then gives the value of
$o303137,

We also discuss the non-equilibrium thermodynamics,
entropy, energy and free energy of the general dynamical
systems under the zero-fluctuation limit and the finite
fluctuations and kinetic speed and dominant paths between the
Macroalgae state and the Coral state in the SI.

lll. RESULTS

We now explore the coral-algal model under finite and zero
fluctuations using the landscape-flux approach outlined above.

Macroalgae denotes the macroalgal-dominated state with low
density of coral, while Coral denotes the coral-dominated

state with low density of macroalgae.
Figure 2A shows the deterministic phase diagram as a

function of g, the rate at which parrotfish graze macroalgae
(without distinction from algal turfs). There are two stable
states Macroalgae and Coral for a range of grazing rate
g in the figure, the bistable region begins and ends with
transcritical bifurcations. These transcritical bifurcations
coincide with one of the equilibrium solutions entering or
leaving the feasible region of the phase space (i.e. 0 <
X+Y+T <1, 0<X,Y,T <1). We solve the Fokker-
Planck equation of the coral reef model to obtain the steady
state probability and thus the population landscape by the
relationship: U = —InPy,. Figure 3 shows three-dimensional
population-potential landscapes (U) under finite fluctuations
D = 0.0005. In Figure 3, the population-potential landscape
initially has one stable state that evolves from the Macroalgae
state with lower grazing rate g to the Coral state with
increasing grazing rate g. As the grazing rate g increases
further, the stable Coral state emerges. As the grazing rate
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注解
Thank you for your valuable suggestions. We added the discussion in the SI as ：  The difference between global stability and local stability relates to the scope of a system's response to perturbations:
Local stability refers to how a system behaves when subjected to small perturbations around a specific equilibrium point. A locally stable equilibrium will return to its original state when slightly disturbed. This analysis typically involves linearization techniques and examining eigenvalues of the Jacobian matrix at the equilibrium point.
Global stability concerns the system's behavior under perturbations of any magnitude, regardless of how far the system is displaced from equilibrium. A globally stable equilibrium will eventually attract all trajectories from anywhere in the state space.
"weaker information," means that local stability analysis provides less comprehensive information about the system's overall behavior compared to global stability analysis. Local stability only tells us about behavior in a small neighborhood around an equilibrium, while global stability provides stronger guarantees about the system's behavior across its entire state space.
In dynamical systems like ecological models, local stability is often easier to determine mathematically (through eigenvalue analysis), while global stability typically requires more sophisticated techniques such as Lyapunov functions or extensive numerical simulations.

We have changed the context as :In dynamical systems theory, Lyapunov functions serve as powerful tools for stability analysis, enabling characterization of an attractor's global stability beyond the limitations of local stability analysis\citep{Wang2015AP,Fang2019RMP}. 

We added the discussion on 
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注解
Thank you for your valuable suggestions. We improved our expression as : For the coral-algae model, calculating the intrinsic potential $\phi_0$ presents substantial difficulties due to the constrained state space (an isosceles triangle where $0 \leq X,Y \leq 1$, $0 \leq 1 - X - Y \leq 1$). The intrinsic potential is challenging to compute from the Hamilton-Jacobi equation in a normalized triangular state space. These geometric constraints complicate the analytical solution of the Hamilton-Jacobi equation, requiring specialized mathematical approaches to capture the system's dynamical properties within this bounded domain.

PC
注解
Thank you for your valuable suggestions. We have changed the context as : Throughout our analysis, we distinguish between two alternative stable states: the "$Macroalgae$" state, characterized by macroalgal dominance and low coral density or by macroalgal only, and the "$Coral$" state, defined by coral dominance and minimal macroalgal presence or by Coral only\citep{Alan2007Nature,Scheffer2015}.
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注解
Thank you for your valuable suggestions. We have changed the context as : At low grazing rates ($0 \leq g < 0.1796$), the landscape exhibits a single stable state dominated by macroalgae (the $Macroalgae$ state). As grazing intensity increases $0.1796 \leq g < 0.3927$, a bistable landscape emerges with local minima corresponding to both macroalgal and coral dominance. With further increases in grazing rate, the $Coral$ state deepens while the $Macroalgae$ state becomes increasingly shallow and eventually disappears ($g > 0.39$), as also conceptualized in Figure \ref{fig1_sketch_phase1d}A. At sufficiently high grazing rates, macroalgae are effectively eliminated from the system, and the landscape exhibits a single deep basin corresponding to coral dominance. This progression of landscape topographies provides a comprehensive visualization of how grazing pressure drives transitions between alternative community states in coral-algae ecosystems\citep{Scheffer2012Science,Hastings2018Science}.
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FIG. 2. A: The phase diagram versus grazing rate g. B: The
population entropy production rate and the population average flux
versus grazing rate g with D = 5 x 10*. C: The population entropy
production rate and the population average flux versus grazing rate g
with D=1 x 1075.

g increases, the coral reef system switches from Macroalgae
state with macroalgae dominant to Coral state with coral
dominant (also shown in Figure 1A), and as grazing rate g
increases further, the macroalgae almost disappears by the
high grazing rate level. Eventually, the Coral state becomes
dominant while the Macroalgae state disappears.
Disturbances and random fluctuations are almost inevitable
for real ecosystems. If a system has two alternative stable
states and the fluctuation intensity is large enough, the system
can be driven from the local stable basin through the unstable
steady state, to fall into the basin of attraction of another stable
state. We can use the “ball-in-the-valley” conceptual model to
describe this steady-state transition visually shown in Figure
4%041 " Figure 4 shows the population potential landscape U
projected on X with increasing grazing rate g. The potential
landscape is quantified by the steady probability distribution
of the stochastic coral-algal model. A ball represents the
system, which tends to move downhill and is stabilized in
the deep basins with different g. The valley characterizes the
attraction basin in the dynamical system!®?". The system
subjected to small fluctuations can deviate from the steady
state, the ball can climb up the hillside and the ball can return
to its steady state at the bottom under small fluctuations.
On the other hand, the ball may cross the ridge passing an
unstable saddle point into the other stable valley (steady-state
basin) with large enough fluctuations. We can see the M
valley for Macroalgae is the only valley at g = 0.125; and
the C valley for Coral is shallower than that of M valley at
g = 0.275; the M valley and C valley have similar depth at
g = 0.3; the C valley for Coral is deeper than that of M valley

5
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FIG. 3. The population potential landscape U for the coral reef model
with finite fluctuation D = 5 x 10%.

0.5

X 0

FIG. 4. The population potential landscape U projected on X.

at g = 0.325; the C valley for Coral is the only valley at
g=0.75.

Figure S1 shows the intrinsic potential landscape with
different g for the coral reef model. We observe that the
intrinsic potential landscapes are qualitatively similar to the
corresponding population potential landscapes.

Figure SA shows the intrinsic flux (white arrow) and the
negative gradient of the intrinsic potential landscape (black
arrow) at g = 0.29. We show the directions of larger values of
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FIG. 5. The dominant intrinsic paths and fluxes on the intrinsic-potential landscape ¢o with zero fluctuation limit and grazing rate g = 0.29 (A).
The dominant population paths and fluxes on the population-potential landscape U with the diffusion coefficient D = 0.0005 (B), D = 0.005
(C). The red lines represent the dominant paths from the Macroaglae state to Coral state. The black lines represent the dominant paths from
the Coral state to Macroaglae state. The white arrows represent the steady-state probability fluxes.

flux and the directions of the negative gradient of the intrinsic
potential landscape around the steady state clearly.

The intrinsic fluxes are perpendicular to the negative
gradients of the intrinsic potential landscape —V¢q. This
is because (Jss/Pss)|lp—0- Vo = V-Voo = 0 due to the
Hamilton-Jacobi equation, which is under the zero fluctuation
limit. Figures 5B and C show the flux (white arrows) and
negative gradient of the population potential landscape (black
arrows) on the landscape for D = 0.0005 (B) and D = 0.005
(C). The fluxes originated from the grazing rate going around
the stable states can increase the communications between
the two stable states Macroalgae and Coral. In Figure 5,
the negative gradient of the population-potential landscapes
or the intrinsic potential landscape and the non-zero flux or
intrinsic flux are the driving forces of the coral-algal system
since the total force can be decomposed as: F = —D-VU +
Jss/Pss + DV - G for finite fluctuations and F = —G - V¢ +
(Jss/Pss)|p—o = —G-V¢y + V for zero fluctuation limit.

Figure 5 also shows the dominant population paths and the
dominant intrinsic paths on the intrinsic potential landscape ¢
under zero fluctuations limit (A) and the population-potential
landscape U under finite fluctuations (B) and (C). The red
lines denote the dominant intrinsic path(A) and dominant
population path(BC) from Macroalgae state to Coral, while
the black lines is the dominant intrinsic path(A) and dominant
population path(B) from Coral state to Macroalgae. The
purple arrow fluxes guide the dominant intrinsic paths in
Figure SA under zero fluctuations, which deviate from the
steepest descent path and apart from each other passing
through the saddle point in the equilibrium case under
zero flux. The purple arrow fluxes guide the dominant
population paths on the population-potential landscape under
finite fluctuations in Figure SBC, which also deviate from
the steepest descent path. Therefore, under the limited
fluctuations caused by non-zero flux, the dominant population
path from Macroalgae to Coral and the dominant population
path from Coral to Macroalgae are distinct. The dominant
intrinsic path from Macroalgae to Coral and the dominant
intrinsic path from Coral to Macroalgae are closer to each

other due to non-zero intrinsic flux under the zero limit
fluctuation. The dominant path is thus irreversible and follows
different paths due to the existence of the nonequilibrium
rotational flux. The spiral shape of flux around the basins
gives the origin of non-equilibrium dynamic features.

We show the barrier heights of the population-potential
landscape and the barrier heights of the intrinsic potential
landscape versus g in Figure 6A and B. The coral-algal
system switches from Macroalgae state dominance to Coral
state dominance with increasing g. Population barrier height
AUgc = Us — U and intrinsic barrier height A¢osc = Pos — Poc
increase, while AUSM = US — UM and A¢OSM = ¢OS — ¢0M
decrease as g increases, where Us and s are the values
of population potential and intrinsic potential at saddle point
between Macroalgae state and Coral state, Uy and ¢oys are
the minimum values of population potential and intrinsic
potential in Macroalgae state, Uc and @gc are the minimum
values of the population potential and the intrinsic potential
in Coral state. As the parrotfish grazing rate increases, the
Macroalgae state becomes less stable, while the Coral state
becomes more and more stable. It is difficult to escape from
the attraction of the more stable and deeper basin state to
the other due to the higher barrier heights. Both the barrier
heights and the intrinsic barrier heights have almost the same
tendencies in Figure 6A and B as g increases.

Figure 6C shows the Mean first passage time (MFPT)
which represents the average time for a stochastic process
to reach a given state for the first time. One can quantify
the kinetic speed or kinetic time by MFPT from one state
to another. MFPT can be obtained from the following
equation®*: F-V7+ DV?1 = —1, where 7y represents the
mean first passage time from state Coral to state Macroalgae
and Ty represents the mean first passage time from state
Macroalgae to state Coral. We show the logarithm of MFPT
versus the population barrier heights in Figure 6C and observe
that both In ¢y, and In 7y4¢ increases as the population barrier
height increases. This implies that In 7 and the barrier height
have a relationship as T ~ exp(AU ). The escape time is longer
for the system going out from one basin with higher barrier
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FIG. 7. The intrinsic entropy production rate, the population average
flux and the free energy versus grazing rate g for the coral reef model.

height. The kinetic speed of the state switching is correlated
to the population-potential landscape topography in terms of
the barrier heights.

Figure 2BC shows the population entropy production rate
EPR and the population average flux Flux,, versus g under
finite fluctuations D = 0.0005 and D = 0.00001. Figure
7 shows the intrinsic entropy production rate inEPR, the
intrinsic average flux inFlux,, versus g. We can see
that as g increases, population EPR, population Flux,,,
intrinsic inE PR, intrinsic inFlux,, all increase first and then
decrease, which undergo significant changes between the two
transcritical bifurcations in Figure 2A. The peaks are distinct
close to the phase transition between the two transcritical
bifurcations from Macroalgae state to Coral state. We also
show the intrinsic free energy in Figure 7. We can see that the
intrinsic free energy has a minimum near the peaks of inE PR
and inF'lux,,. Thus, one can use EPR and Flux,,, inEPR and
inFlux,, and intrinsic free energy as indictors for the phase
transitions and bifurcations of the coral-algal system.

We can explore the time irreversibility of the time series

to quantify the nonequilibrium of the system. The data
of long-time trajectories of X and Y simulated from the

e time from state Coral to state Macroalgae and Ty;c represents the

Langevin equation with the noise induced attractor switching
between Macroalgae and Coral. The cross correlation
function forward in time is defined as follows: Cxy(7T) =
(X(0)Y (7)), where X and Y denote the time trajectories of
the variables X and Y with time interval 4%, Cyy(7)
represents the cross correlation function backward in time.
Thus, the average difference in cross correlations between
the forward in time and the backward in time, can be
used to quantify the time irreversibility. It is defined as

acc =/}

1 (;f (Cxy (1) — éxy(f))zdf. The cross correlation

difference can quantify the degree of nonequilibrium and
measure the strength of the flux due to the time irreversibility,
which is related to the degree of the detailed balance
breaking*?~#*. Tt provides a practical way for the indicator
of the phase transitions and bifurcations for the coral-algal
system directly from the observed temporal trajectory. In
this study, we calculate the time irreversibility quantified by
the difference in the forward cross correlation in time and
backward one ACCM (the system stays in state Macroalgae)
and ACCC (the system stays in state Coral) using a relatively
small diffusion coefficient in order to avoid jumping between
the steady-state states. This means that when the system stays
at the state Macroalgae at first, then under a relative small
diffusion coefficient D, it is hard to jump to the alternative
state Coral. Thus, we can collect enough stochastic simulated
data which the system stays in the state Macroalgae without
having the possibility of the trajectory jumping to the state
Coral. Once the system jumps to Coral, a phase transition
cannot be predicted in advance by ACCM, since the alternative
state has appeared already.

ACCM (for state Macroalgae) and ACCC (for state Coral)
versus g shown in Figure 8A both have a peak between the
two transcritical bifurcations with small fluctuations (D =
1 x 107°) and i = 0.44. We show kaccu (the slope of ACCM)
versus g and kkaccp (the slope of kaccpr)versus g for state
Macroalgae and kpcce (the slope of ACCC) versus g and
kkaccce (the slope of kaccc)versus g for state Coral in Figure
8BC. We used the exponential function to fit the data from
simulations to calculate the slope of the lines. We can see that
kacems kkacems kacce and kkaccce have their inflection points,
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1. All the parameter values follow those listed in Table 1, with the exception of variables g and h which are adjusted as indicated. 
2. We added a comprehensive table in the Table S1 listing each measure (entropy production rate, potential landscape, flux, time irreversibility, etc.) 
3. Free energy is shown at a specific set  follow those listed in Table 1 in Figure 4K.
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which denote that they have significant changes approaching
the bifurcation.

Critical slowing down can appear when the ecosystem is
close to the edges of bifurcation points in the case of gradual
changes in external environmental conditions. When a system
in a stable basin is subjected to external disturbance, it will
return to its original stable state after a period of time, which
is called the relaxation time'!. This relaxation time can
be interpreted as the time it takes for the system to adapt
to changes in the environment. In Figure 8D, we see that
the relaxation time T,y for state Macroalgae has a sharp
increase near the right bifurcation, and the relaxation time
Trelaxc fOr the state Coral has a sharp increase near the left
bifurcation with small fluctuations (D = 1 x 1077). We show
kcspm (the slope of the relaxation time Tyeqxy), kcspe (the
slope of the relaxation time T,.;4xc), kkcspy (the slope of the
kcspy) and kkespe (the slope of the kcspe) versus grazing
rate g in Figure 8EF. We can see that the slopes kaccc and
kkaccce both have sharp increases, which means that the Ty,
increases approaching the bifurcation. In comparison, our
nonequilibrium warning indicators (flux, entropy production
rate, time irreversibility) provide much earlier predictions for
the bifurcations than those from the critical slowing down
indicators. For example, the peaks in ACCC and ACCM in
Figure 8 A occur within the bistable zone, while the peaks
in Teax in Figure 8 D occur right at the bifurcation points.
This point is further illustrated in Figure 9 where we vary
both the grazing rate g and the natural mortality rate of coral
h; we always observe that the peaks of the landscape-flux
indicators occur further from the bifurcation points than the
CSD indicators.

The non-equilibrium driving force quantified by the flux,
the thermodynamic cost quantified by EPR , the intrinsic
free energy and time irreversibility all can be seen as
the early warning signals, which are far earlier than the
prediction of the currently available methods. These non-
equilibrium early warning signals can provide indicators for
predicting bifurcation/phase transition to avoid catastrophic
phase transition. In the coral reef model we studied here,
we predicted the transition from the regime in which the
dominant state of the Macroalgae state to the dominant state
of the Coral state in the middle of the two stable state
coexistence range, rather than approaching to the g = 0.3927
level where the Coral state is becoming dominant. This led
to a much earlier warning signal than have been previously
reported !>~ 14,

As we vary the grazing rate g, there are two directions
from which we can approach the bifurcations: the increasing
g direction and the decreasing g direction. Critical slowing
down can identify the left bifurcation where the Macroalgae
attractor state becomes dominant and the Coral attractor
state becomes flat (the left transcritical bifurcation) in the
decreasing g direction and the right bifurcation where the
Coral attractor state becomes dominant and the Macroalgae
attractor state becomes flat (the right transcritical bifurcation)
in the increasing g direction. We can see that both the
relaxation time and the switching frequency increase sharply
in increasing g direction when approaching towards the right

transcritical bifurcation as shown in Figure 8D while the
relaxation time increase sharply in the decreasing g direction
when approaching towards the left transcritical bifurcation as
shown in Figure 8D.

We can clearly see that our nonequilibrium warning
indicators in terms of the flux, the entropy generation rate,
the time irreversibility from the cross correlation of the
observed time series and the non-equilibrium free energy
are located between the two transcritical bifurcations. Our
nonequilibrium warning signals are earlier than the right
bifurcation (indicated from the critical slowing down) from
the perspective of the current Macroalgae state where one
is at (Macroalgae state becomes flat and unstable while
Coral state becomes dominant). On the other hand, our
nonequilibrium warning signals are earlier than the left
bifurcation (indicated from the critical slowing down) from
the perspective of the current Coral state where one is at
(Coral state becomes flat and unstable while Macroalgae
state becomes dominant). Thus, our indicators, whose turning
points are in the middle of two bifurcations, can provide the
predictions for both left bifurcation and right bifurcation and
they are much earlier than the predictions given by the critical
slowing down which are all near the bifurcation.

The results from the critical slowing down will miss one
bifurcation in each direction, for example, as the parameter g
increases towards the right bifurcation, the left transcritical
bifurcation will be missed where the current Macroalgae
attractor state dominates (left transcritical bifurcation in the
phase diagram), while the Coral attractor state just appears
and is shallow. This is because the critical slowing down
will only emerge when the landscape around the current
attractor state becomes flat as the parameter approaches the
right bifurcation. When the right bifurcation appears in
the prospective Coral attractor state, the current attractor
Macroalgae state in which the system is located becomes
flat, resulting in a critical slowing down. However, when
the current Macroalgae state approaches the left bifurcation
point, it becomes dominant to other states, but the related
landscape around the current Macroalgae state is not flat.
Thus, it is not expected that there will be any critical slowing
down near the left bifurcation point in the increasing g
direction. Therefore, when the current Macroalgae attractor
state dominates, the critical slowing down cannot be used to
predict the left bifurcation in the increasing g direction, and
similarly when the current Coral attractor state dominates,
the critical slowing down cannot be used to predict the right
bifurcation in the decreasing g direction.

The non-equilibrium early warning signals appearing in
the middle of the two bifurcations are much earlier for both
directions than the critical slowing down indicators, appearing
near the left bifurcation in the decreasing g direction and
near the right bifurcation in the increasing g direction. Our
non-equilibrium early warning signals have a clear advantage
that we can predict both the left and right bifurcations (much
earlier than the critical slowing down for both bifurcations by
sitting at different attractor states), which is shown in Figure
2BC and Figure 7.

Critical slowing down has been widely used in models
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FIG. 8. A: The average difference of the cross correlations forward and backward in time ACCM and ACCC versus g. B: kaccar (the slope of
ACCM) and kaccc (the slope of ACCC)versus g. C: kkaccpr (the slope of kacepr) and kkaccc (the slope of kaccc)versus g. D: The relaxation
time Trerqxp and Tre1qyc Versus grazing rate g. E: kcspys (the slope of the relaxation time 7,.;4¢1) and kcspe (the slope of the relaxation time
Trelaxc) Versus grazing rate g. F: kkcgpys (the slope of the kcspys) and kkcspe (the slope of the kcgpe) versus grazing rate g. (h = 0.44)

with saddle-node bifurcations. In our case, because the
stable solutions leave the feasible region exactly at the
point at which transcritical bifurcations occur, we effectively
have the same qualitative dynamics that occur in models
with saddle-node bifurcations. In particular, there is one
stable and one unstable solution approaching the bifurcation
and both solutions disappear after the bifurcation occurs.
So far, most studies have been focused on effective one-
dimensional methods, the results of which can often be
applied to effective equilibrium systems where global stability
can be quantified by landscape alone, without considering
the key non-equilibrium ingradient component, i.e., flux!!=14.
Our fully vectorized high dimensional formulation of the
potential-flux landscape can quantify the non-equilibrium by
the non-zero curl flux, which can lead to a much richer
complex dynamics with detailed balance breaking. In
contrast, the equilibrium dynamics are determined entirely by
the gradient of the potential landscape. Curl fluxes that break
the detailed equilibrium play an important role in driving the
dynamics of the non-equilibrium system.

Figure 9 shows the two-parameter phase diagram of the
natural mortality rate of corals i versus grazing rate g for
the coral-algal model. There are four regions with different
colors, which denote different phases, separated by several
curves of bifurcation points (curves of transcritical points in
black, curve of saddle node points in blue). In the blue
region, only the "Macroalgae" state is stable, while both the
"Macroalgae" and "Coral" states are stable in the grey region.
In the purple region, only the "Coral" state is stable, while
there are no feasible stable states in the pink region. And we
show the phase diagram for different % in Figure S2.

Figure 10 shows the EPR and Flux,, versus grazing rate
g with different natural mortality rate of corals 4 for the
coral-algal model, and Figure S3 shows the EPR (A,B,C,D)

and Flux,, (E,F,GH) versus grazing rate g with different
natural mortality rate of corals /& for the coral-algal model
respectively. We can see that there is a peak in each data
curve in its corresponding bistable region, which denotes that
EPR and Flux,, can be viewed as the indicators for the phase
transitions.

0.8
0.6 Macroalgae ” ,’ ACCM__
,B’Lstab|e ............ ACCCmax
T'rela Mmax
-C 0 4_ T trelax(:max
Coral
0.24 /4
[ No feasible
solutions
0.0 . T '
0.0 0.2 0.4 0.6 0.8

FIG. 9. The two-dimensional phase diagram of the natural mortality
rate of corals & versus grazing rate g for the coral-algal model.
ACCM, 4« represents the maximum of ACCM, ACCC,,,x represents
the maximum of ACCC. T,eqxMmax T€Presents the coordinate position
of the sharp rise of T,juxp> TrelaxCmax Tepresents the coordinate
position of the sharp rise of T4y c-

Figure 11 (h = 0.3) and Figure S4 (h = 0.7) show that the
time irreversibility quantified by the difference in the forward
cross correlation in time and backward one ACCM (for state
Macroalgae) and ACCC (for state Coral) versus g shown in
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FIG. 10. The EPR and Flux,, versus grazing rate g with different
natural mortality rate of corals A for the coral-algal model. The
dashed lines represent the locations of the transcritical points for each
value of /& with the same color for the EPR lines.

each subfigure A have a peak between the two transcritical
bifurcations with small fluctuations (D = 1 x 107°). We show
kaccm (the slope of ACCM) versus g and kkaccys (the slope
of kaccm)versus g for state Macroalgae and kaccc (the slope
of ACCC) versus g and kkpacce (the slope of kacco)versus g
for state Coral in each subfigure BC. We can see that kaccy,
kkaccm s kacce and kkaccce have their inflection points, which
denote that they have significant change approaching to the
bifurcation. In each subfigure C, we see that the relaxation
time T,eqy for state Macroalgae has a sharp increase near
the right bifurcation, and the relaxation time T, for state
Coral has a sharp increase near the left bifurcation with small
fluctuations (D = 1 x 1075). We show kcspys (the slope of
the relaxation time T,.;4x1), kcspe (the slope of the relaxation
time Tyejaxc), kkcspy (the slope of the kcspyr) and kkespe (the
slope of the kcspc) versus grazing rate g in each subfigure EF.
We can see that the slope kacce and kkacce both have sharp
increases, which denote that the 7., increases significantly
approaching to the bifurcation.

We can see that ACCM,,,, representing the coordinate
position of the maximum of ACCM, ACCC,,,, representing
the coordinate position of the maximum of ACCC, Tye1axpmman
representing the coordinate position of the sharp rise of T4
and Tye14xcmax representing the coordinate position of the sharp
rise of the maximum of T, (We set the kk > 1 x 10
as the sharp rise position) are in the bistable region. The
line TyejqxMmax 18 much nearer to the right bifurcation line
(red) than the line ACCM,,,,, while the line T,juxCmax 1S
much nearer to the left bifurcation line (black) than the line
ACCCax. Thus, ACC is earlier warning signal than the ¢4y
These results all show that ACC can be used as an good
indicator of early warning signal.

10
IV. CONCLUSION

We investigated the global dynamics of a well-known coral-
algal model subject to stochastic forcing using the landscape-
flux theory from non-equilibrium statistical physics. The
dynamics of coral-algal ecological systems are determined
by the potential landscapes and the curl flux; the potential
landscape attracts the system towards the potential minimum
while the curl fluxes drives the dynamics between the states. It
is crucial to quantify the stability of an ecological system and
global stability can be quantified by an appropriate Lyapunov
function, which is difficult to obtain for complex ecological
systems. The underlying intrinsic potential landscape ¢g
provided by our general method is a Lyapunov function in the
small noise limit and hence can be used to quantify the global
stability of the coral-algal system.

Due to the presence of non-zero fluxes, the dominant paths
describing how the system switches between alternative stable
states do not simply follow the expected steepest descent
paths based on the population-potential landscape. The
dominant paths from Macroalgae to Coral and vice versa are
irreversible, i.e. depend on the direction of the transition,
and are determined by the underlying population-potential
landscape and the flux; the origin of the path irreversibility
is the non-zero curl flux.

Even in the bistable regime, the basin of attraction of the
current state is not completely flat until the right bifurcation
point. Thus, if the noise is small enough, one can still
predict the upcoming of the impending state transition. This is
because, on a finite time interval, the small fluctuations are not
enough to drive the state switching to another one until to the
right bifurcation, where the current state becomes completely
flat and the other basin becomes dominant. Therefore, the
peak of the time irreversibility from the difference in cross
correlation forward and backward in time is generated by
the stochastic trajectories staying in the current state basin
without jumping to another one even in the bistable regime.
Hence one can use that as a predictor for the bifurcation on
the right for the new state to become dominant.

We found that barrier heights between the stable states,
the kinetic switching time as mean first passage time MF PT,
the thermodynamic cost as entropy production rate EPR, and
the dynamical driving force as average flux can be used as
quantitative markers for the stability and dynamics of the
coral-algal system. We found that the average flux Flux,y,
the entropy production rate EPR and the intrinsic average flux
inFlux,,, the intrinsic entropy production rate inEPR have the
same trends. The flux due to its rotational nature always tends
to destabilize the point attractor. This provides the dynamical
origin for the phase transitions or bifurcations of coral-algal
ecosystem. To maintain the non-equilibrium flux, there
is a dissipation cost associated. Thus the non-equilibrium
instability or bifurcation requires energy cost. This provides
the thermodynamics origin of phase transition or bifurcations
of coral-algal ecosystem. The intrinsic free energy is also a
marker for early warning signal. Their significant changes
and peaks are between the two transcritical bifurcations. It
is even more significant for the intrinsic potential landscapes
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FIG. 11. h = 0.3 A: The average difference of the cross correlations forward and backward in time ACCM (for state Macroalgae) and ACCC
(for state Coral)versus g. B: kaccps (the slope of ACCM) and kaccc (the slope of ACCC) versus g. C: kkaccpy (the slope of kaceny) and kkacce
(the slope of kacce) versus g. D: The relaxation time Tye and Tpeqc Versus grazing rate g. E: kcspys (the slope of the relaxation time
Trelaxm) and kcspe (the slope of the relaxation time 7,.;4c) versus grazing rate g. F: kkcspps (the slope of the kcspys) and kkcspe (the slope

of the kcspc) versus grazing rate g.

with zero fluctuation limit.

Our nonequilibrium early warning indicators with the
average flux Flux,,, the entropy production rate EPR, the time
irreversibility from the cross correlation of the observed time
series ACC and the non-equilibrium free energy can all be
used as the predictors for the critical transitions. We can
see that their turning points (the peaks or the troughs) are
all located between the two transcritical bifurcations. Our
indicators can predict both bifurcations before the current
state becomes flat. The nonequilibrium warning signals
we propose are earlier than the right bifurcation from the
current Macroalgae state in the increasing g direction, while
our nonequilibrium warning signals are earlier than the left
bifurcation from the current Coral state in the decreasing g
direction. Thus, the nonequilibrium warning indicators can
provide earlier warnings than the CSD theory for both the left
bifurcation and right bifurcations. Different models will lead
to different locations of the tipping points3®-3!, but we believe
that the turning points of the non-equilibrium indicators lying
between the two transcritical bifurcations is a generic feature
of systems with similar qualitative dynamics.

While the model studied there is primarily
phenomenological and neglects many features of real-
world coral reef systems, it allows us to illustrate the power
of the landscape-flux method for developing early warning
signals of critical transitions. Moreover, the results presented
here are a first step in adapting our methods to tackle more
complex and realistic ecosystem models. We intend to explore

more complex coral reef models in subsequent research and
this will include addressing important features omitted from
the present study, such as recruitment seasonality, grazing
influence and explicit spatial extent”8.

Coral degradation and coral reef ecological environment
deterioration are pressing conservation challenges. The
theoretical study of coral reef ecosystem can provide effective
guidance for the protection and restoration of these and other
threatened ecological systems.
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